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BOUNDARY FUNCTIONS 
By Theodore John Kaciynski 


Let H denote the set of all points in the Euclidean plane 
having positive y-coordinate, and let X denote the x-axis. If 
p is a point of X, then by an arç at p we mean a simple ars 
Y, having one endpoint at p, such that Y-Sp{ C H. Let f 
be a function mapping H into the Riemann sphere. By a 
boundary function for f we mean a function. ( defined on a 
set E CX such that for each p € E there exists an are Y 
at p for which 


os. f(s) = (p). 


gE Yy 


The set of curvilinear convergence of f is the largest set on 
which a boundary funetion for f can be defined; in other words, 
it is the set of all points p € X such that there exists an 
are at p along which f approaches a limit. A theorem of J. E. 
MoMillan states that if f is a continuous function mapping H 
into the Riemann sphere, then the set of curvilinear convergence 
of f is of type Fos « In the first of the two chapters of 
this dissertation we give a more direct proof of this result than 
MeMillan's, and we prove, conversely, that if A is a set of 
type Fi, in X, then there exists a bounded continuous 


complex-valued function in H having A as its set of curvi- 


linear convergence. Next, we prove that a boundary function for 
a contimous function can always be made into a function of 
Paire class 1 by changing its values on a ecuntable set of 
points, Conversely, we show that if < is a function mapping a 
set E C I into the Riemann sphere, and if < cen be made 
into a function of Baire class 1 by changing its values on a 
countable set, then there exists a continuous function in H 
having ( as a boundary function. . (This is e slight general- 
Agation of a theoren of Bagerihl and Piranian.) In the second 
chapter we prove that a boundary funetion for a function of 
Baire class © Z 1 in H ås of Batre class at most Sel, It 
follows from this that a boundary function for a Borel~measur- 
able function 4s always Borelemeasurable, but we show that a 
boundary funetion for a Lebesgue-measurable function need not 
be Lebesgue-measurable, The dissertation concludes with a list 


of probleus reiaining to be solved, 
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INTRODUCTION 
1, Preliminary Remarks 


Let H denote the upper half-plane, and let X denote its 
frontier, the x-axis. If x€X, then by an arc at x we mean a simple 
arc y-with one endpoint at x such that y - {x} CH. Suppose that f 
is a function mapping H into some metric space Y. If E is any subset 
of X, we will say that a function w:E + Y is a boundary function for 


f if, and only if, for each xX€E there exists an arc Ye% x such that 


lim f(z) = (xX) 

2 

ZEY 
The study of boundary functions in this degree of generality was 
initiated by Bagemihl and Pirantan [2]. A function defined in H may 
have more than one boundary Aet defined on a given set E € x, 
but it follows from a famous theorem of Bagemihl [1] that any two 
such boundary functions differ on at most a countable set of points. 

If f is defined in H, then the set of curvilinear convergence 

of f is the set of all points x€X such that there exists some arc 
at x along which f approaches a limit. Evidently, this is the 
largest set on which a boundary function for f can be defined. 
J. E. McMillan [10] discovered that the set of curvilinear convergence 
of a continuous function is always of type Fog? and in this paper we 


show that every set of type F As in X is the set of curvilinear 


convergence of some continuous function. Next, we show that if @ is 
a function defined on a subset E of X, then @ is a boundary function 
for some continuous function if and only if can be made into a 
function of the first Baire class by changing its values on at most 
a countable set of points. (This solves a problem of Bagemihl and 
Piranian [2, Problem 1].) We then consider functions that are not 
assumed to be continuous, and we prove that a boundary function for 
a function of Baire class 6 > 1 is of Baire class at most 6 + 1 (thus 
proving another conjecture of Bagemihl and Piranian [2]}. It follows 
from this that a boundary function for a Borel-measurable function 
is always BOR =aeesuReBLe: and in the last section we show that a 
boundary function for a E E 새나 function need not be 
Lebesgue-measurable. 

Most of the results appearing here have already been published 


([8] and [9]). At the time I published these papers I did not expect 


to have to make use of this material for a dissertation. 
2. Notation 


R will denote the field of real numbers. 

R? will denote n-dimensional Euclidean space. 

Points in R° will be written in the form 직책 애기 x) rather 
than Diaes x) (to avoid confusion with open intervals of real 
numbers in the case n = 2). 

If vé R?, then |v| denotes the length of the vector v. 

s* denotes {v€R": |v] = 1}, S? will be referred to as the 


Riemann sphere. 


.Let . 
H = {<x,y}ER :y>0} 
H = {€xypER? :t>y>o0) 
n n 
X = { ¢x,0> : x€R} . 


tad 
" 


A (< 지 3 》 : XER}. 

We consider X as being identical with R. Thus, for example, 
<x,0) < ¢x',O> means x < x', and for p, q € X, the notations 
[p.q], [p,q), etc. refer to the obvious intervals on X. 

If Eis a Subse ot a topological space, then E denotes the, 
closure of E, 8 denotes the interior of E, and E' denotes the 
complement of E. Of course, if E is a subset of X, then E` means the 
interior of E relative to X, not relative to the whele plane. In 
Section 7, we often denote two line segments by s and s'. Since the 
prime notation is never used for complementation in that section, 
there is no danger of confusing s' with the complement of s. 

If f is a function defined in a subset of RÊ, then f(x,y) 

. means f(<x,y}). Thus we write f(z) for ZER? and f(x,y) for x,y €R 


interchangeably. | 


3. Baire Functions 


In this section we review the main facts concerning Borel 
sets and Baire functions, and we prove some results that will be 
needed later. 

If C is any family of shes let Cy be the family of all sets 


that can be written as a countable intersection of members of C, and 


let C, be the family of all sets that can be written as a countable 
union of members of C. 

Suppose M is a metrizable topological space. Let pl (M) be 
the family of all open subsets of M and let gt (M) be the family of 


all closed subsets of M. If € is an ordinal number greater than 1, 


let 
Fw = (U a"an), 
n<& 
ga = (U Pan), 
f n<& 


For any &, E EM E> BE PĒ). 

For any 0565 L of M, EE PË(L) (respectively 0“ (L)) if and 
only if there cc a set DE pe (M) (respectively 0“ (M)) such that 
E=DAL. 

2 (00) and QEM) are closed under finite unions 800 finite 
intersections. PË(M) is closed under countable unions and 0“00 15 
closed under countable intersections. 

If n<é, then 2000 U M SE PEM A EM. 

Let F ,(M) be the class of all P sets of M, and let Gs M) be 


the class of all Gs sets of M. 


2000 = F (D and gM = G,(M). 

Let Y be a metric space. For any family C of subsets of M 
we will say that a function f : M > Y is of class (C) if and only if 
El U)EC for every open set y S Ye 

The following definition of the Baire classes is somewhat 


different from the classical definition, but it seems more convenient 


for our purposes. A function f : M > Y is said to be of Baire class 
O(M, Y) if and only if it is continuous. If € is an ordinal number 
_ greater than or equal to 1, then f is said to be of Baire class 
804, Y) if and only if there exists a sequence of functions {제} 01 
mapping M into ve being of Baire class na MY), for some n, < E, 
such that fa > f pointwise. | 

If f ; M> Y is of Baire class (M, Y) and if L is a subset 
of M, then Elie is of Baire class (L, Y). | 

If K is a metric space, if g : K + Mis continuous, and if ' 
f : M > Y is of Baire class (M, Y), then the composite function fog 
is of Baire class (K, Y). 

If Y is separable and if f : M > Y is of Baire class (M, Y), 
then f is of class peta) [4, page 294]. 

If Y is separable and arcwise connected, if £ f 1, and if 
f : M>Y is of class (200), then f is of Baire class (M, Y) [4]. 


E+l 


For any 6, if f : M> R is of class (P (M)), then f is of 


Baire class E(M, R) 16]. 


if LE gët 


(M) and f:L > R is of Baire class (L, R), then f 
can be extended to a function F : M > R of Baire class &(M, R) [6]. 

We say that a function f : M > R is Borel measurable if, and 
only if, for every open set USR, Clu is a-member of the o-ring 
of subsets of M generated by the open sets. 

If f : M>R is of some Baire class &(M, R), then f is Borel- 
measurable, and, conversely, if f : M > R is Borel-measurable, then 
f is of Baire class &(M, R) for some countable ordinal number & 


‘[7, page 294]. 


The proofs of Lemmas 1 through 6 are based on standard 


techniques in the study of Baire functions. 


Lemma 1. Let M be a metric space, and let E and F be two F, sets in 


M. Then there exist two disjoint F- sets A and B © M such that 
E-FGA and -F-E @B. 


Proof. Let E = U En and F = UJ Fu where En and Fa are closed. 
n=1 n=] 
Then 


E> F, E FMA GMA. 


It is easy to check that FM) AN G M) is an algebra (i.e., is closed 
i } 
under complementation, finite unions, and finite intersections). We 


inductively define a sequence of pairs of sets (A, > 8) as follows. 


Let 


For n > 1, let 
' n-1 


n 
= t = ' 
시 = ELA : B; : B mot) Al 


By monet tans An? BLE F (mM) A G; (M). Let 


aUa, B = (J B- 
n=1 


Then A and B are Fa sets. Notice that 
n-1 n 

B EF and Ua SE, 
j=1 


from which it follows that 


n-1 ; 
시 ACY B,) QENF, 


and 
n 
i t 
BL = ACU A 2 FAE 
Therefore 
aml) Œ AFN = E-F 
n=] 
and 


co ~ 


s2 U) (F AE) FE: 
n=1 


It only remains to show that ANB = 4. Suppose x€ AANB. Choose 
2, m with xEA, and ×60 . If 2 > m, then 4 > 1, so that 
z i ' 1 
A, BAL BS cB ㆍ 


Hence xE Bh --a contradiction. On the other hand, if % < m, then 


m 
= ft t 
B Fant) ACA, 
so that x€A! --another contradiction. We conclude that ANB = 9.@ 


If E is a subset of a space M, we let Xp denote the charac- 


teristic function of E. 


Lemma 2. Let L be a subset of a metric space M, and suppose that 
~ . 00 
EE F CL) ^ Gy (L). Then there exists a sequence {fd uel of continuous 


real-valued functions on M such that fa > Xp pointwise on L. 


Proof. Both E and L - E are in F(t), so there exist sets Ey» 


Fy € F 0D such that 


E= EAL „ md, L-E=FR AL. 


1 
By Lemma 1, there exist A, B € F 00 such that AAB = ġ and 


R- FL, SAL FL - 2S B. We have 


E=ANL and. L-~E=BAL. 
ao 


Write A = Ay B = s Bw where Aw? Ba are closed and An € 시 1? 
n= n= 


Ba g€ By, for each n. By Urysohn's Lemma there exists a continuous 


function f : M~ [0,1] such that 


fp 


t 
oo 


when x€ A, 


£09 0 when x € Ba š 


>: 


{f,}na1 1S the desired sequence. W 


Lemma 3. Let L be a subset of a metric space M, f : L> R a function 


of class (F (010) that takes only finitely many different values. 


oo 


Then there exists a sequence {f n=] Of continuous real-valued 


functions on M such that fa > f pointwise on L. 


Ya 


Proof. From Banach's Hilfssatz 3 [4], we see that there exist real 


numbers a,,..., a. and sets 
1 q. 


Ejeo Eg EF, 06600 


such that 


If we choose for each j a sequence {오구 ie of continuous real-valued: 


functions on M such that: £0 > Xp pointwise on L, and if we set 
~ n 너 
J 


£ aes 
= a. : 
n jar J'n 


then ad ea is the desired sequence. $ 


Lema- 4. Let L be a metric space, f a bounded real-valued function 


on L of Baire class 1(L, R). Then there exists a sequence cae 


of real-valued functions on L converging uniformly to f, such that 


each fa is of class (F 6) and takes only finitely many different 


values. re 


Proof. f is of class (F(L)) and the range of f is totally bounded, 
so an obvious modification of the proof of Banach's Hilfssatz 4 [4] 


gives the desired result. $ 


개 


Lemma 5. Let Mbe a metric space, L a subset of M, f: L>Ra 

I 
function of Baire class 1(L, R). Then there exists a sequence cn ae 
of continuous real-valued functions on M such that fa? E pointwise 


on L. 


Proof. We first prove the lemma under the assumption that f is 


bounded. For any bounded real-valued function h, let 
nll = sup { |h) | : x€ domain of h} . 


By Lemma 4 we can choose, for each n, a function Zn L > R of class 
(F (10) such that Za takes only finitely many different values and 


le,- 해 우주 Let 


h,= 81 > ee -~ 8,.; forn> I. 


Then, for n > 1, 


Wade 8 tals oar ae 


32-1 gn-2 


Each ha is of class (F 00) and takes only finitely many different 
values, so by Lemma 3 we can choose (for each_n) a sequence th? 352 
of continuous functions on M such that hd +h, pointwise on L. 


Set 


. < 


10 


60 = -Whll if aco 


= <- Wall 
Koo = Wall if noo > lial 
00 = ajo df - (la <noo < Wall. 


Then Kk! is continuous, Kj 7a pointwise on L, and | k | < | | 
1 


gn-2 


Therefore, if we set 

fF = E kl, 

J n=1 ” 
then the series converges uniformly and f; is continuous on M. We 
claim that £, + f pointwise on L. Take any x € L and any £ > 0. 


주 ee ! 
m2 < ze. For each n, choose j(n) so 


Choose m large enough so that 


that 


1 > 320 > ERIE = h(x) | < Hal z ： 


Let iy = max {j(1),..., j(m}. Then j > i, implies that 


m F m 0 m s 
lf.(x) - f(x] < |£, - 2 kKJ@)| + | z k I(x) - z h (x)| 
J J n=1 P n=1 7 n=l ” 


m ： 
+ | z aœ - E| 
n=1 


œ : m bay 
< z Wk? ㆍ = IO - bool + Ie, - ell 
n=m+1 n=1 


t 


Thus f; (x) > f(x) for each x € L, and the lemma is proved for bounded 
J 


f. 


i 


If f is not bounded, let 


Mage, i 


11 


g(x) = arctan £(x) (x EL). i 


Then - z < g(x) < 7 for every x € L, and g is of Baire class 1(L, R), 
so there exists a sequence 18), of continuous functions on M 


converging to g pointwise on L. Set 


£ mo l , ㅠ 1 
h(x) = Ss > aL if | g(x) < - al 
`- 7 ㅠ 1 i ㅠ 1 
he) = z7 if gaz-i 
a : T 1 T 1 
h Gd ee g(x) if - > + F < ga < 7 = = M 


Then ha is continuous on M, - > < h < F» and hi > g pointwise on 
L. Let £09) = tan h (x) . Then fi is continuous on M and fa > f 


pointwise on L.@ l 


Lemma 6. If L is a subset of a metric space M and f : L > R” is a 
function, then the following are equivalent. 
(i) - £ is of Baire class 1(L, R. 
(ii) f is of class (08003. 
(iii) There exists a sequence Ero of continuous functions 
mapping M into R” such that fa + f one on L. 


This lemma is an easy consequence of Lemma 5. 


Definition. Let q be any point of RŽ lying inside the bounded open 
domain determined by s?, By the q-projection of RŽ - {q} onto SÊ we 
mean the function Pa defined as follows. If a is any point of 

RŠ - {q}, let 2 be the unique ray, having its endpoint at q, that 
passes through a, and let Pf) be the intersection point of 2 with 
aay Pa is a continuous mapping of R3- {q} onto s? that fixes every 


point of s?. 


12 . 


Theorem 1. Let L be an arbitrary subset of R, Then a function 
f: L> s? is of Baire class 1(L, s2) if and only if it is of class 
(F,(L)). 


Proof. Assume that f : L > s? is of class 0800). se RŽ, so by 


Lemma 6 there exists a sequence {£3 a of continuous functions mapping 


R? into RŽ such that fa > f pointwise on L. Let 


-1 ㆍ 3 . D 
A, = fÊ (0ER :ẹv| = z) 
-1 ㆍ 3 . 0 
BL = fa (UER hies 가) 

i -l1 y 3. gn 1 " 
c, =.f, CER : |vj > 5h). 


Let i. = 개 . According to [5, Lemma 2.9, page 299], 시 can be 
n 
extended to a continuous function g, : R> VER: lv| = 가. 


Define h, : R2 > RÝ - {0} by setting 


ha% = g(x) = xé Ba 
h (2) = £ (x) if x€ ü; 


Since Bee Ca are closed, ha is continuous, and it is easy to verify 
that h (x) > f(x) for each x€ L. Let k, : R+ s* be the composite 
function Po o ha: Then ka is continuous, and for each x€ L, 


k(x) > P (600) = f(x). Thus f is of Baire class 1(L, S*). = 


Definition. Let M and Y be metric spaces, Then a function f :M> Y_ 
is said to be of honorary Baire class 2(M, Y) if and only if there 
exists a countable set NGM and a function g : M > Y of Baire class 


1(M, Y) such that f(x) = g(x) for every xE M ~ N. 


t 


Theorem 2. Let L be an arbitrary subset of RÊ and let Y be either 


the real line, a finite-dimensional Euclidean space, or S°. Then a 


TR ATEST ere P 아서: 


13 . 


function f : L + Y is of honorary Baire class 2(L, Y) if and only if 
there exists a countable set N © L such that 지호 is of class 


(Œ (L - ND). 


Proof. Suppose that £ : L > Y is of honorary Baire class 2(L, Y). 
Then there exists g : L > Y of Baire class 1(L, 1) and a countable 
Cc = i = 
set N © L such mat fl in gli en: But glin is of class F N)). 
Conversely, suppose that flik is of class (F (04 - N)), where 
N is countable. We must show that f is of honorary Baire class 


m 


2(L, Y). First consider the case where Y = R . Write 


f(x) = € £0), 800, …~ £,00>. 


Then fili y is of class (F (1 - N)) (i=1,..., m), and it follows that 
foley is of Baire class 1(L - N, R). Since L -NE G; (D) , we can 
extend 에 to a function g; : L > R of Baire class 1(L, R). If we 
set g(x) = 서거 g(x)? , then g is of Baire class 1(L, R”) 
and g(x) = f(x) for x€ L - N, so we have the desired result. 

Now consider the case where Y = 9 Since s? c RŽ, there 
exists, as we have just shown, a function g : L > RŽ of Baire class 
1(L, RŽ) such that g(x) = £(x) for ali x€ L - N. Then g(L) - s? is 
countable, so there exists some point q in the bounded open domain 
determined bys? such that q@g(L). Let h be the composite function 


Pa o g. Then h maps L into 개 and for each x EL - N, 
h(x) = Ped) = . 2697 = f(x). 
Ifuce s? is open, then 


-1 -1,, -1, 
h (U) = g (P, 0) EF) , 


ee ee 


14 


so h is of class (F, (L)). By Theorem 1, h is of Baire class 


1(L, s”), so we have the desired result. @ 


CHAPTER I 


- BOUNDARY FUNCTIONS FOR CONTINUOUS FUNCTIONS 


If r is a positive number and if Yo is a point of a metric 


space Y having metric p, then 
S(r, y,) denotes 17261: oly, yo < the 


We will repeatedly make use of Theorem 11.8 on page 119 in 
[11] without making explicit reference to it. This theorem states 


that if D is a Jordan domain in R? or in RŽ 


U {oo} , if y is the 
frontier of D, and if a is a cross-cut in D whose endpoints divide y 
into ares y 1 and Yo» then D-a has two components, and the frontiers 


of these components are respectively a vu Yı and 0 uU Yo: (The term 


cross-cut is defined on page 118 in [11].) 


4. Domain of the Boundary Function ` 


Definition. If f is a function mapping into a metric space Y, then 
the set of curvilinear convergence of f is defined to be 
l {x €X : there exists an arc y at x and there exists y € Y 
such that 
lim f(z) = y}. 
Z>X 
ZEY 
J. E. McMillan [10] proved that for suitable spaces Y, the set 
of curvilinear convergence of a continuous function is always of type 
ad 


F.. We give a more direct proof of this result than McMillan's. 


(This proof can be modified to give a more general result; see [9].) 


. 15 
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An interval of X will be called nondegenerate if and only if 
it contains more than one joint: 때 | 

Suppose + is a cross-cut of H. If V is the bounded component 
of H - yy let L(y) = TAX. Then L(y) = le, 4], where c and d are the 
endpoints of y and c < d. Suppose 2 ~ 버 domain contained in H. Let 
T denote the family of all cross-cuts y of H for which y AH C Qo, and 
let 

ra) = U im”. 
yer 


Let acc(2) denote the set of all points on X that are accessible by 


arcs in Q. 


Lemma 7. Assume that acc (2) is nonempty. Let a be the infimum of 


ace (Q) and let b be the supremum of acc (2). Then 
I(&) = (a, b) 


Proof. Suppose x € I(9&). Let y be a cross-cut of H such that 

YAH &Q and xe L(y). L(y) = [c, d], where c and d are the end- 
points of y 800 c < d. It is evident that c and d are in acc(Q2), so 
asc<x<d<«<pb, and xE (a, b). Conversely, suppose x' € (a, b). 
Then there exist points c', d' © acc(2) with c' < x! < dt, Since Q 
is arcwise connected, it is easy to show that there exists a cross- 
cut y' of H, with y'MHEQ, having c', d' as its endpoints. But 


then x' € (c', d') = L(y"), so 지호 1(2). W 


Lemma 8. If 2 and 25 are domains contained in H, and if 


(1) T@) A acc (8) and ICR) ^ ace (2) 


OR 아라 ee TE en eRe ae aa 


17 
‘are not disjoint, then Ri and R, are not disjoint. 


Proof. We assume that Ry and R, are disjoint and derive a contradic- 
tion. Let a be a point in both of the two sets (1). Let y; be a 
cross-cut of H, with yN 보도 이, such that a È Liy) (호 = 1, 2). Let 
Ui and Vi be thè components of H - ue where V is the bounded component. 
Observe that y^ H and y2 OH are disjoint. 

Suppose YN HEV, and y, AH EV}. Then, since y, NH Sv. ; 
U has a point in common with V,- But, since U, is unbounded, U 
cannot be contained in V3, 50 U must have a point in common with 
Y2 MH. This contradicts the assumption that y, A H SV); 50 we 
conclude that either Yi AH ¢ Vy Or y, AH ¢ V,- Hence, either 
1% H Su, or y3 AH Eu. By symmetry, we may assume that 
12 OHSU. 

Q, does not meet y,, and Q, does meet U} (because y, NHS 
U, AN), $02, EU}. Since a € acc (07), there exists a point 
b € L(y,) such that b € ace(g,). But then b € q, SU, and this is 


* 
impossible because the frontier of U, is disjoint from L{y,) ㆍ a 


Theorem 3 (J. E. McMillan). Let Y be a complete separable metric 
space and let f : H + Y be a continuous function. Then the set of 
curvilinear convergence of f is of type P 5° 


Proof. Let {Bplay be a countable dense subset’ of Y. Let {Q(n, m) Pai 


be a counting of all sets of the form 
ae 1. 개 
1<×, y :O<y <> and ret <r+=j 


where r is a rational number. Let {U(n, m, k, 49), 그 be a counting 


(with repetitions allowed) of the components of 


18 


ł ㆍ 
ot ee es 
ESCH PDA, m. 
(We consider 4 to be a component of p.) Let 


A(n, m, k, 2) = acc(U(n, m, k, 021: 


Set 


œ 


B = fa U W. Ú 10a, m, k, g)) NAM, m, k, 2). 


m=] k=l g=l 


Since I(U(n, m, k, g)) is open in X it is of type ER It follows that 
B is of type Fé . Let C denote the set of curvilinear convergence 
of f. I claim that B&C. Take any b €B. For each n, choose m[n], 


k{n], [n] with | 


(2) b € 1(U(n, min], kin], m) AAG, mn], km], 0D 


For convenience, set Un = U(n, m[n], k[n], g{n]). By (2). and Lemma 8, 
Ua and Ui +l have some point z,, in common. For each n, we can choose 
an arc ya (a U+] With one endpoint at 2 and the other at Z1) Then 
Yn Srl, mÎn+1]). Also, 


b € A(n+l, m[ntl], kin+1], <[0+1] ) SUl SQ(n+l, min+l]), 


and therefore each point of Yn has distance less than — from b. 

A 0 as n + œ; hence, if we set y = {b} vy Yn? then y/is an arc 
n= 

with one endpoint at b. 


Since Un and Unel have a point in common, 
Shia -l op 1 | 
E SCE Pkn) ard E SCT Patna)? 


have a ċommon point, and hence 


l 
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가 Ppap i SCHRT> Ppap 
X 2 


have a common point. Therefore, if p is the metric on Y, then 


4 … 그 


. 4 | 
' P Pk [n]? Petnery). £58 $ mT ^ 20-1 
and therefore 
ERNI EE ee 
PPK in]? Pk[n+r] ale 1]? O jel gnti-2 gn-2 


Thus {p, in}? is a Cauchy sequence and must’ converge to some point 


p€Y. Since 


y Cu Cf lsc 


n= n+l = ET Px inti]? and 


Pk in] k Po 
lim, f(z) = p. It is possible that y is not a simple arc, but 
on -.according to [12] we can replace y by a simple arc 
y' Gy. Thus b @C, and.we have shown that B &C. 
Suppose c € C. Let Yé be an arc at c such that f approaches 


a limit p' along Yo Take any n. Hi k with P'e lor Pk? F 


' Choose m so that c is in the interior of oT, m AX. ne Yo has 


a subarc Yo , With one endpoint at c, such that 
t e (ong -1 1 
1 - tech SQh, m Af (S P,))- 
2 


Hence, for some l, c € acc[U(n, m, k, 2)] = A(n, m, k, 2). This 


shows that 


c eU Y J An, m x, a). 


It is easy to deduce from Lemma 7 that the set 
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A(n; m, k, 2) - I(U(n, m, k, 490) = peppu sere 
Atm, m, k, 2) - [1(U(n, m, k, 2A ACM, m, k, O] 


contains at most two points. It follows by a routine argument that 


O VU am mk, o - fT) tra, m, k, 0) ai, m k, 9] 
n m,k,& n m,k,& 


m 


is countable. Since 


[\ U uae, n, x, 9) Aam, m 201 = BSC 
n m,k,&% 
( LU A(n, m, k, 2), 
n m,k,2% 


C - B is countable, and therefore C is of type Fs a 

Next we will show that the foregoing theorem is as strong. as 
possible, in this sense: if A is any set of type 00 contained in X, 
then there exists a bounded continuous complex-valued function f 
defined in H such that A is the set of curvilinear convergence of f. 


The proof is unfortunately quite long. 


Definition. Let Ej and E, be two sets on the real line. A point p 


on the real line will be called a splitting point for Ey and E, if 


either 
x, <p for all x€ E} and p< x, for all x, € E, 


or X, <P for ali × € E, and PSX for all xX, EE. 


We will say that two sets E4 and E, split, or that E} splits with E7, 


and E.. 


if and only if there exists a splitting point for Ey 2 


Lemma 9. Let E be an Ey set in R. Then there is a sequence {E} =] 


of sets such that 


21. 


(i) En is bounded and closed 
(ii) ifn +m, then either E, and E. are disjoint or FE, and 


BE, split . oT 


oo 


(iti) “E = U Ea 
n=1 


co 


Proof. We can write E = Y AL where A, is closed, An c A +l for all 
n, and A, = 9. l 


+ Observe that if I is any open interval, then there exists a 
countable family 10) of bounded clones intervals such that 
n¢m <= J, and Jp split, and pe U Jņ Since any open set of 
real numbers is a coimtable disjoint union of open intervals, it 
follows that for any open U there exists a countable family 호 oie 
of bounded closed intervals such that n +m = Ta and Da split, i 


n=l 
For each n, let t; re 1 be a family of bounded closed inter- 


vals such that j i k => ry ae Ty split, and A, -J i Let 


F = {A} ujn Aa nh Oe E ee R 


Then F is a countable family of bounded closed sets, and 


E 


1 
€ 
> 
> 
< 
iC 
F 
"5 
sZ 


C Rig 
HC 
> 
S 
08 + 
J- 
> 
Cc 
C: 
C 
> 


Let Fy and F, be any two distinct members of F . If either F} or F, 


is Ay = >, then F, and Fo are automatically disjoint. If neither 


1 


Fy nor F, is Ajs then we can write 


. 22. 


; _. n(1) | 722). 
Pym 나 Anaad md Fans HGA Anaya 
때 n(1) < n(2), then 21) + 1 6002), so 
= mP A A 
Bon i L20 A M ae Aaa? ee therefore Fy ‘and Fy are 


disjoint. A similar argument shows that if n(2).< n(1), then Fy and 
F3 are disjoint: Thus, if Fy and F, are not disjoint, then n(1) = 


n(2). and we have 


1? 


— n rt 
PoS DaN Aner FF = DNA Aa 


where n = n(1) 


n 
10) 4 팍 (2) 


split, and therefore F} and F, split. So we have shown that any two 


n(2). But then j(1) 4 j(2), sot 


distinct members of F either split or are disjoint. 

If F has infinitely many distinct members, let Ejs E,, By... 
be a counting of F . If F has only finitely many distinct members, 
let E,,..., E be the members of F and let Ep = ¢ fork >m. In 
either case, E 48 the desired sequence. W 

If F is a closed subset of the real line, then by a comple- 
mentary interval of F we mean a component of 만 (If F = R, then ¢ 


is considered to be a complementary interval of F.) 


Definition. By a special family we mean a family JF of subsets of R 


such that 

(3) F is nonempty 

(4) . each member of 4 is bounded and closed 

(5) there exists a sequence ilici of members of F such that 


every member of JF is equal to some P, and the following conaition 


is satisfied. 


(58) If m > n, then either Fi is contained in one of the complementary 


. 25. 
intervals of Fe or else Fa splits with. Fa 


Lemma 10. If E is an Fy set in R, then there exists a special family 


J= such that E -UF. 


Proof. By Lemma 9 wè can choose a sequence (E alne] of bounded closed 


sets such that if n + m then 개 and Eo either split or are disjoint, 
œ 

and E =À ) En 
n=1 


Let n, = 1 and let Fi = Ei Now suppose that nys Moses NS 


are chosen and Fjo Fos.. 3 Fi are chosen so that 


(i) lsn <m < ee sn 


(11) Fi is closed and bounded (i = 1,..., n) 


(iii) if n 그 > ee 1, then either F is contained in one of 


the complementary intervals of Feo or else f: splits with Fe 


(iv) if 1s i<n,, then there exists j @{1,..., s} such 


that F, CE, | 
끄 s 
s 
(v) Fi = \ ) £. 
=1 i=l 
We construct F. gewag E as follows. Let: J be the family of 
2671 Ns+] 


complementary intervals of the bounded closed set 
n 8 
8 
Jn = Je. 
31t im + | 
We assert that E Sel meets at most finitely many members of &. If this 
assertion is false, then there exists an infinite sequence tihi of 
members of Ñ such that n + m implies ra I = >, and there exists 


(for each m) a point x E I ^N Esi {x_} 


is a bounded sequence, 
m m=1 


and n + m implies that x, f xp From this it follows that [Xa mel 


has either a strictly increasing or a strictly decreasing convergent 


24. 


subsequence. We will assume that {x a(k) nae is a strictly increasing 
convergent subsequence; the reasoning is similar in the case of a 
strictly decreasing convergent subsequence. Say Tak) = (a, ba). 


Then a, < Ck) < bb» so since mn (k) < Xn(k+1) < bk+1 and 


XÉ La(k+1) We must have Xn(k) Í ĉk+1 | 주) Therefore, if 
we let | 
> lim 


X = ke nck)? 


then x = rans a. also. Moreover, for k > 2, ak is a finite real 


s : 
number, so that a, U E,. Therefore there exists u € {1,..., s} 


i=1 
such that aE Ea for infinitely many values of k. Consequently 


xE Ea But since Xn (k) € Esa? x E E +1 also. But then x€ Ea n Eee? 


so that EY and Ese] must split and X must be a splitting point for 

EA and Eel Since infinitely many ak lie in Ew Eu contains points 
that are less than X; and E +l also contains points less than X; 
therefore Ea and Eel cannot split, and we have a contradiction. This 


proves the assertion. Let 


~ = (FUME 1: 16 룩 200 7 06 + oh 


Let n +1 equal a plus the number of members of $. Let Fasl? ses 


Fa i be all the members of $. We must show tHat conditions (i) 
S+ 


through (v) are still satisfied when s is replaced by s+1. Conditions 
(i), (ii), and (iv) are obvious. The verification of (iii) is divided 


aratai, 


into three parts. Suppose n+l 


Case I. Assume that n 2 rT>t>1. In this case we already know 
that either Fa is contained in one of the complementary intervals of 


Fe or else F.. splits with Fie 


25. ㆍ 


Case II. Assume that n j >r>n,>t>1. There exists v € {1,...,s} 


F C ~ Z ㆍ » e 내 a t ㆍ 
such . that Fe = Ey Either E; and E Sel are disjoint or they split. 


Case Ila. Assume E, and Eel are disjoint. Either F = ọ (in which 
case re is certainly contained in a complementary interval of F) or 
else Fi + ġ and Fp = IAE +] for some IE. Let J be ie smallest 
"= * 1 
closed interval containing F,. Then J 들 1 and J SIC CU) E.) , so 
: i=l 


R ! 
that J does not meet E,» The endpoints of J lie in i =e so 


s+]? 
neither endpoint of J lies in Ez So J does not meet EY and therefore - 
J does not meet Fi; from which it follows that Fis contained in a 


complementary interval of Fie 


i i Cc c 
Case IIb. Assume that EY and E Sel split. Since Fe = EY and Fa 는 Feel 


it follows that Fe and 개 split. 


Case 111. Assume that nar? trn,. If either For Fe is 9, 
it is clear that ES is contained in a complementary interval of Fee 


Otherwise, there exist Las EÑ such that- LA I, = $ and 


Fi E aye Feel and Fe j 12 A Essl’ 
Since I and I evidently split, Ri and F, must split. 
Thus ċondition (iii) is verified. 


As for (v), it is clear that 


) , 8 c “Stl 
BE. - 8 는 Ae) FOCE 
s+1 S i` js sth j s+]? 
so that 
‘stl s 8 
EB. = ()8) ue - 8) 00 
121 Í 1 aoe ee 
n n 6 s+1 
s st] ! 
E (Fp v PDEU EDU UE. 
jl 1=06+1 J i=l i=l 
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5+1 n n n é 
: s 브아]. St]. 
Hence We, = QF) uc ye yes 


Gah ied 18211. 7 gat J 


전 thus we have shown that we can construct sequences {n. jj =1? 
{EF ie L ‘in P a vay that conditions (i) through. Ww) are satisfied 
for every value of s. If we set F= tF = 1 12. rs it is easy 


to verify that F is a special family and that E = UF. | 


Definition. If, and, are two families of sets, let 
FiAF, = iF, NF, : EF and FL € $5}. 


Lemma 11. If and are two special families, then FAF is a 


special family. 


Proof. Conditions (3) dnd (4) in the definition of a special family 
are clearly satisfied, so we just have to verify (5). | 
Arrange all K of positive integers in a sequence 

according to the scheme shown in Figure 1. Let (a(k), b(k)) be the 


kth term of the. sequence? (k = 1, 2, ...). Observe that k < 2 if and 


lhe reader may find it emusing'to derive the following 
formulas for (a(k), b(k)). For real t, let [[t]] denote the largest 
integer that is strictly less than t. Then 


스기 + 그 V8k+1 + 1 


+ TAA - 6 + 1 


a(k) = (eee 그 이] 


= S(L[VBKT]] + 3 - H Lop (ORD, qT TH] + ii Been 니니) kaa 


G [[186+1]] + 3)(([V8k+T]] + 1) -k+1 if [[V8k+T]] is odd 


[0001 + 2) [VERT] -k+l if [[V8k+1]]. is even, 


4 
(4,4) + - 


4,3) 


( 


2 


(3,1) 


fj 
4 1)/ 4,2 


t 
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only if either a(k) + b(k) < a(%) + b(2) or else a(k) + b(k) = a(2) + 
b(2) and b(k) < b(2). Thus k < & implies that either a(k) < a(2) or 
b(k) < b(2). | 


Let {Fh 1 be a sequence of elements of F such that every 


member of F is equal to some Fa and such that condition (5a) in the 
definition of a special family is satisfied. Let {F } e] be a 


similar sequence for F. Set 


~ 


F, = Pack) ^ Fock) * 


k 


Then Fhe 1 15 a sequence in AF such that every member of Fa F 
is equal to some F.. We must show that condition (5a) is satisfied. 


Suppose that % > k. Two cases occur, 
Case I. a(k) < a(2). 

` ^ 1 ^ (a ㆍ 니 2 . 
Note that 토드 Fak) and F E Fa(2) . Either F(a) is contained in 
one of the complementary intervals of Fak) (in which case F is 


contained in a complementary interval of FL), or else F ( and F 


a(2) a(k) 


split (in which: case F and Fy split). 
Case II. b(k) < b(X). 


In this case a similar argument shows that either 개 is contained in 


609 = a + 4) - (pe + k 


ver) +b - de p LARD, (FT) - 를 hop (ART, +k 


SCLIVERFT}] + DIVIET] - 1) +k if [[V8RT]] is odd 


| ZLI [VBEET] 1 (VERT - 2) +k if [[V8k+I]] is even. 
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a.complementary interval of F, or Fand Fy split.. Thus condition 
(5a) is satisfied, and FAF is a special family. W 

Lemma 12. Let Ey» E, be two 개 sets in R such that Ey Cc 820. and 
suppose that Fi and F, are special families such that E} = UF, and 
E, = Us. Then E} = UG AF). 


The proof is obvious. 


Next .we introduce some notation. 
Let J be a nonempty interval on X with endpoints a, b (a < b). 
By Trap (J, £, 6)(where 6 € (0, Tj and 6 > 0) we mean the interior 


of the trapezoid shown in Figure 2. That is, 
Trap(J, 6, 0) = { <x, y> >O0<y<e,atyoctné@<x<b-yctn 6}. 


For 06 (0, ue let Tri (J, 0) be the closed triangular area shown in 


Figure 3. That is, 

Tri (J, 0) = { <x, y> :y>Oanda+yctn@<x<b-y ctn 6}. 
If x, É X, € > 0, and 9 € (0, Do let S(x > €, 0) denote the open 
Stolz angle shown in Figure 4. That is, 

86, 6, 00 = {£ <x, y% :0<y<e, 
x +y ctn (m - 0) <x <x +y ctn 0}, 
If K is a closed set on a real line, let J(K) be the smallest 


closed interval containing K. If K is bounded, closed, and nonempty, 


6 > 0, 8000<6<0< z then we define 


B(K, e, a, 6) = Trap (000, e, a) - U Tri (1, 8), 
TED 


where & denotes the set of complementary intervals of K. 


Figure 2.--Trap(J,& ,9) 
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Figu 
re 3.--Tri(J,@) 


X axis 


x; 


0) 
4 ~-3 (Xo € 
e 4. 
Figur 


(6) 
(7) 


(8) 


(9) 


(10) 


(11) 


(12, 


(13) 
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1 


We state without proof the following readily verifiable facts. 


B(K, e; a, 8) is an open subset of H. 

S(e, z, 0) is an open subset of H. 

I£ Kı and K3 split, then for any €y> ez, ae B, 
806, , Ejs as 6) and B(Ky, ez, a, B) 

are disjoint. 


Cc I 
Suppose that Kak, E> €, > 0, and 0 < B< By < 01 <a { om 
Then 
Cc 

B(K, Ejs js 61) AHCB(K, £, a, B). 
Suppose K is contained in one of the complementary intervals 
of K, and suppose 6, a, B are given. Then there exists 6 > 0 
such that for every n < ô, 

B(K, 6, a, B) and BCK], n, a, 8) 
are disjoint. 

* 
Suppose that a < @ < > and x, 수 J(K) . Then, for any e, Ey» 
$ $ 

8, 

B(K, e, a, B) and S(x,, ej» 9) 


are disjoint. 


i * 
Suppose that x, € Ka J(K) and 8 <a < 0 < z Let 6 be given. 


Then there exists 6 > 0 such that for every 4 < 6, 
80, n, 0) AH SB, 6, a, B). 


_o 


Suppose that 6 < e' and 6' < 6. Then 


3&5; 6, 0) AH €s(x,, e', 61). 


(14) 


(15) 


(16) 


(17) 
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Suppose Xx, & K and 6, 0, B, © are given.. Then there exists 


ô > 0 such that for every n < ô, 
S(x,, 0, 8) and  B(K, 6, a, 8) 
are disjoint. 


If x ł x, and €, 0 are given, then there exists 6 > 0 such 


that for every n < ô, 
S(x,, €, 0) and S(x], n, 8) 
are disjoint. 


BK, €, a, B)AXEK., 


Six, e, 0) e 0) VX = {x}. 


Definition. Iff- is a special family, let F be the set ọf all 


members of F that have two or more points. 


Definition. Let F be a special family, let E be the set of all end- 


points of intervals J(F) where FE F, F + $, and suppose that 


Q0<B<a<60 <5 By a pair of special a, 8, 0 functions for F we 


mean a'pair (e, 6), where 6 and 6 are positive real-valued functions, 


the domain of e is E, the domain of ô is F°, and 


(18) 


(19) 


(20) 


for each n > 0, there exist at most finitely many FEF such 


that 6(F) > n; 


for each n > 0, there exist at most finitely many e € E such 


that e(e) > n; 


ife, e' €E and e + e', then 


S(e, ele), 6) - and S(et, e(e'), 6) 


. .35 
‘are disjoint; 
(21) if F, K €f% and F $ K, then 
BCF, 609, 0, 6) and B(K; 600, 9, 8) 
- are disjoint; 
(22). if e €E and FEF, then 
S(e, e(e), 0) and. B(F, 600, a, 8) 


are disjoint. 


Lemma. 13, Let fi be a special family and suppose that 0 < B <a <@< F 


Then there exists a pair of special a, 8, 0 functions for F. 


Proof. Let 대가 0 be a sequence of members of F of the type referred 


to in condition (5) in the definition of a special family. Let 
Fn) = TEF : F= F, for some k < n} 


E = set of all endpoints of intervals J(F) for 


FEF,F#ọ 


E(n) = fe €E : e is an endpoint of J(F,) for 


some k < n for which F, + $}. 


If JCF) has one endpoint e, set e(e) = 1. If 008.) has two 
endpoints ejs 020 then by (15) we can choose e(e,) <1 ande (e,) <1 
so that S(e,, e(e,), 6) and alegi E (e3), 6) are disjoint. If FE F, 
set S(F,) = 1. In this case, J(F,) has two endpoints e: and e, and 
(by (11)) BCF}, 607), 0, 8), 5661, 6661), 0), and S(e,, 6606), 0) are 
all disjoint. 


-Now suppose that e(e) and 6(F) have been defined for all 
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e € E(n) and all F EF (a) -in.such a‘way that . 


(i) ife, e' € E(n) and e 4 et, then S(e, e(e), 0) and 
S(e',e(e'), ©) are disjoint; 
(ii) if F, kEF m) and F + K, then B(F, é(F), i; B) and 
B(K, 6(K), a, B) are disjoint; 
(iii) if e €E(n) and Fe F'(n), then S(e, 6(6), 0) and 
B(F, 5(F), E, 8) are disjoint; . 
(iv) if e € E(m) and k <n is the least integer for which 
e € E(k), then e(e) <p 
(v) if F EF (n) and k < n is the least integer for which 
F EF’ (k), then 600 < È 


We must extend the definitions of s and 6 to E(n+1) and 
F (n+1) in such a way that conditions (i) through (v) are still 


satisfied when n is replaced by n+l. 


Case I. If Fel 


x (n) and E(n+1) 


; 2 
$ or if Fi. = Fẹ for some k <n, then F (n+1) = 


E(n), so that nothing is required to be done. 


Case II. If Fel consists of a single point e and if e € F, for some 
k <n, then (since Fizi and Fk must split in this case) e is an 
endpoint of JF) > so that again F (n+1) =F (n) and E(n+1) = E(n), 


and nothing is required to be done. 


Case III. Suppose that Foel consists of a single point 4 and that 


for each k < n, 0. € F,. By (14), (15), and the fact that E(n) and 


00 1 
Fn) are finite, we can choose e(e,) € (0, ari? so that S(e); e(e,), 6) 


is disjoint from S(e, e(e), 6) and from B(F, 6(F), a, B) for each 


e € E(n) and each F € Fn). The construction is then finished for 
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E(n+1) and F(n+1) 3 


| ; 
Case IV. Suppose that Fa +1 contains at.least two points and that, for 
each k < n, F, ¢F\,,- For each k <n, either Fas 1 애비 with F,, or 
-else Fa +1 is contained in a complementary interval of 티 Since F (n) 
is finite, (8) and (10) show that we can choose 8 Fa +1) € (0, 그 2 50 
that BCR ay S (F i1)? a, 8) is disjoint from B(F, 60), a, 8) for each 
FE Pn) š 
Say e € E(n). Then e is an endpoint of JC for some k < n, 
so (since Fel either splits with Fy or is contained in a complementary 
* 

interval of F) e €J(F,,j) ㆍ By (11), BF 


ni Epe)» &% 8) and 


S(e, e(e), 0) are disjoint. 


Let ey: ez! be the endpoints of JF ap: 


Case IVa. eo e. € E(n). i 


In this case the construction is already finished. 


Case IVb. e €E E(n) and 6." € E(n). 

If on EFi for some k < n, then Fuel splits with Fə SO that 
e, ' must be and endpoint of J (Fi) --which contradicts the assumption 
that e,' & E(n). Hence, for each k < n, 6." E Fie By (14), (15), 
and the fact that E(n) and F (n) are finite, we can choose 
e(e,') € (0, p so that Se, Vy e(e, '), 6) is disjoint from 
S(e, e(e), 0) and from B(F, (F), a, B) for each e € E(n) and each 
FEF). By (11), S(e, ts eleg '), 0) and BUF 43 600 7), 0, 6) 876 


disjoint. Thus the construction is finished for E(n+1) and ^ (n+1). 


i 


Case Ive. e5 € E(n) and en" € E(n). 


This case is essentially the same as Case IVb. 
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Case IVd.. 6. E E(n) and 6! 수 E(n). | 
Ife, € Fy for some k <n, then Fj splits with Fs 50 

e, is an endpoint of JCF); a contradiction. Thus e€ Fy for k < n, 

and similarly e ae Fy for k < an Therefore, by (14) and (15), we can 

choose e(e o) and 666. 1 € (0, -p so that S (e5 , e(e o? 9) and 

566, e(e,'), 8) are disjoint and each of "~ ele), 6) and | 

Sle," 666), 6) is disjoint from every Ste, e(e), 0) (e € E(n)) and 

from every B(F, 8(F), a, 8) (FEF (n)). By (1), Slegs 66007 0 sad 


S(e_' 


ote e(e,'), 6) are each disjoint from B(F 


nel? ôC (Foy a, B), so the 
construction is finished for E(n+l) and p (n+1). 

We have shown that we can inductively define e(e) for every 
e € E and ô(F) for every F EF in such a way that (i) through (v) 
are satisfied for every value of n. Conditions (20), (21) and (22) in 
the definition of a pair of a, 6, @ special functions are thus auto- 
matically satisfied by (6, 6). We must verify that (18) and (1%) are 
also satisfied. 

Suppose (19) is false. Then there exists n > 0 and there 
exists an infinite sequence te h-i of distinct members of E such that 
e(e,) > n for every k. Let m(k) be the least integer for which 개 is 
an endpoint of J (Pack)? . Each J (F has at most two endpoints, so, 
since the e, are all distinct, there exists (for given m) at most two 
values of k for which m(k) = m. Therefore there exist infinitely 
many distinct integers among m(1), m(2), m(3), .... Consequently 
there exists j with ROT <n. But, by (iv), eCe) <07 <n, a | 
contradiction. So (19) must be true. A similar argument shows that 


(18) is true. W 
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Lemma -14.. .Let F be a special family, 0 < B <a < 0 < > and. let E be 
the set of all endpoints of intervals J(F) for FE F. -Suppose (e, ô) 
is a pair of special a, 8, 9.functions for F. If 61, 6; are two real- 


valued functions having domains E and p respectively, and if 


e(e) for all e € E, and 


Ja: 


| 0 < e; (e) 


0 < 6,(F) < 600 forall FEF, 


fa: 


then (61, 6,) is a pair of special a, B, 6 functions for FF. 
Proof. This follows from the fact that 
S(x €', 8) SS8(x,, e", 6) 
and B(K, e', a, 6) © BCK, e", a, 6) 
whenever £' < e". $ 


Theorem 4, Let A be any set of type Fue in X. Then there exists a 
. bounded continuous complex-valued function f defined in H such that A 


is the set of curvilinear convergence of f. 
ao 


Proof. We can write A = ( 시 where each A, is of type Fy and 


Re cA. for every n. For each n, let F be a special family with 


UF, =A. “Let 


F, eet 


Foa ^ "for n i 1. 
By Lemmas 11 and 12, together with mathematical induction, F is a 
special family and UF, = Ay ‘Moreover, every member of Fax is a 
subset of some member of F. l 
. œ ; . A T 
Let 16} 1 be a strictly ascending sequence in (0, 동 


converging to 
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SSE © : ; n T T 
Let ton tne Pe a strictly doscending sodun in Gp 


ㆍ * T 
converging . to T 


3° 
Let Connel be a strictly ascending sequence in E Se 


converging to = 


Let Ba be the set of all endpoints of ‘intervals J(F) for 


a 


FEF. 

Let E), 6(1, ㆍ )) be any pair of special Gy» SE 8, 
Binet bois for F . 

Now skopos that for each k < n we have chosen a pair of 
special ap» 6, 0 k functions (e(k,:), 60 6, ㆍ )) for F in such a way 
that p 

' (i) whenever 1 <k<n-1,e€ Ep41? F EF’, and 


* 
eG FnJ(F) , then 
Sle, e(k+1, e), Oe NHCB(F, é(k, F), ad * By); 


aa: whenever l< k <n-l,e € Ep4 1? and eé E Eyo then 
Sle, e(ktl, ay; bkal) nH CS(e, 606, e), 84) 5 


(iii) whenever 1 <k<n-l, ke F Kel? 때" , and K SF, fie 


BK, 6001, 1), oy, 트기 AH GBC, 609 F), oy» 601 


Then we construct (e(n+1,-), S(nt1,°)) as follows. Let 


(6, 0) be any pair of special a functions forF 4. If 


n+l? Bnei? © a 
e € E +] - Ep» then for some unique F € F?, 6610" NJ)”, so by (12) 


we can choose &(e) > 0 such that n < &(e) implies 


Ses n, 84) NH EBCF, 60, F), a, B). 


n? n 


We set e(n+1, e) = min {e(e), &(e)}. On the other hand, if e € E +1 ^ 
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then we set ㄷ (0+1, e) = min fee), Fem, e)}.: 


‘If F EF» then there exists. a unique K eF with F CK. 


Set i 
S(n+1, F) = min tC), = S, K)}. 
By Lemma 14, (e(n+1,-), 6(n+1,-)) is a'pair of special 0117 
Buel? Snel functions for Frey? and by (13) and (9), conditions (i), 


(ii), and (iii) are still satisfied when n is replaced by n+l. Thus 
we can inductively construct a pair (e(n,°), 6(m,‘)) of special a 
Ba? fp functions for F in such a way that conditions (i), (ii) and 
(iii) are satisfied for every n. 
Let 
u = | J se, em, o), w| U 
e € 개 


^ 3 6 3 3 > * 
Ae B(F, 6(n, F),o a | 


Then Ua is open. For fixed n, all the various sets S(e, e(n, e), 0 


) 
Ba (Fe F) are open and pairwise dis- 


n 

(e € a) and B(F, ô(n, F), a 

joint, so that every component of U 에 is contained in one of the sets 
2 

S(e, e(n, e), ©) (e € BL) or B(F, 6(n, F), a, 60 (FEF). It 

therefore follows from (16) and (17) that if Q is any component of Uy 


then 


(23) QAXSA. 


n 
From the fact that (e(n,-), 5(n,°)) is a pair of special an 


Ba 9, functions for F together with conditions (18) and (19), it 


follows that 
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Ua H = U 8 we THT 3 NH] u 
ee 
a2 sT, é(n, oF 6.) NH]. 
ee 


Consequently, conditions (i), (ii), (iii), together with the fact 


that 
EE E => eEFNJ(F) £ ome FEF ! 
e +17 or s FF, 


U Cc 
show that 보어 N H¢ Ua for every n. 


By Urysohn's Lemma, there exists a continuous function 


g :H> [0, 1] such that 


. 8&2 
and | 8 (2) 


그 forz €H - U 


. Za] 
4 for z€ Viel NH. 


Let g(z) = 2 = g (2) Then 0 < g(z) < 1, and the series converges 
` n=1 2" | 
. uniformly, so g is continuous on H. 
Ifz2EH- U š 네여 so that 


= g (Z) = £,,,(2) = 8,,5(2) = +++» and hence 
a 


(24) g(x) > ¢ La — @EH-U). 


m=n 2” zanl 시 수 


Also, if 2 € Ula then z E€ U> Uz, 2 “nel? so that 


0 = g,(2) = 826) =... = 860), and 
as) gere- 2 be Lh EU). 
i m=n+1 2” zn nt 


We assert that 


(26) for each x € A, g(z) + 0 as z > x, with z € S(x,» 1, = 


Take any natural number n. Since Xo € 시 11 = Us, 11 either 


É * we : 
x, € Epp] or else x,€ FA J(F) for some F E Fil’ In the first 
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case, set n = €(ntl, ×) ㆍ In the second case, (12). shows that we can 


- choose n > 0 so that 


S(x? ns =? SB De 60505 F), Snel? BaD: 


Suppose <x, y>.€ S(x,» 1, = and y < n. Then, in the first case, 
~ Bm Cer i ! 
<x, Y E€ S(x 1, g SS(x,, east, x)» Sn) EUn» and in the 
second case, 
i ; "St 
노드 
(25) , 
(<x, y> € S(x > 니그) and y < n= <x, > EU, 


=> 0< g(x, y) < 
{ 


+1? 6110 =v 


ae So, by 


This proves (26). 
Let Xo be a point in X and y any arc at Xo: Suppose g(z) + 0 = 
as 2 > Xe along y. Then y has a subarc y' with.one endpoint at Xo 


. Aei PEE 
such that y! - {x9} Sg ((- T ow By (24), y' - {x5} SU, 


Torei by (23), Xo € An Since n was arbitrary, xX E (\ A, = A. 
Thus, 


(27) if there exists an arc y at Xo such that g(z) > 0 as 2 
approaches xo along y, then x, EA. 


Now define 


266, y) = g(x, y) sin L + i g(x, y) (<x, y> € H). 
I£ x €A, then, by (26), f(z) + 0 as z + x with z €S(x,, 1, %9. 
Thus every point of A is in the set of curvilinear convergence of f., 
Conversely, suppose Xo is any point of the set of curvilinear 
convergence of f. Let y be an arc at Xo such that f approaches the 


limit c + di along y. Then g approaches the limit d along y. If d 
i ! 
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is different from zero, then g(x, y) sin ; (the real part of f) cannot 
approach any limit along y -- a contradiction.. Therefore g approaches 
the limit 0 along y, and, by (27), x € A. Therefore A is the set of 


curvilinear convergence of f. a 


5. Boundary Functions for Continuous Functions 


Lemma 15. Let E be a metric space, Y a separable metric space. 
Suppose that »: E > Y is a function having the following property. 
_For every open set U SY there exists an Fo set L GE and a countable 


set N SE such that 
-1 그 ~ 
@ UECLECP MuN, 


. Then there exists a countable set M &E such that lev is of class 


(FE (E - M). Ea 
Proof. Let &be a countable base for Y. For each BE, let L(B) GE 
be an F. set and let N(B) © E be a countable set such that 
-1 ee 
ẹ (B) € L(B) © 2 (B) u N(B) 


Let M = U N(B). Then M is countable. Let Ey = E - M and iet 
PaF elg . We show that p, is of class CE, (E,)). 

Let W be any open subset of Y. If p€W, there exists r > 0 
such that S(r, p) GW. Choose BEQ so that pEBS sė r, p). Then 


B&S(r, p SW. It follows that 7 


고하. p= \J B, ae 
86000 BE AW) 


where Q(W) = {BEB : B CW}... Therefore ` 


al ~ rel 
s (W = BN WW) = E Ay.: (8) 
Yo o^? s ae, : 
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Z EN UJ L(B) 


B EAW) 
CEN [p(B u N(B)] 
° BEQ(N) ’ 

CEN UJ CHOKE 
B € Q(W) 

= EON U P 08) 
BEQW 

= AFIM = gw 


Consequentiy A) = Eo Nn B EAM -L(B), so g; (W) is of class 
(F,@,)). 8 

Theorem 5. Let Y be a separable metric space and let f : H+ Y be a 
continuous function. Suppose that E S X and that @:E+Yisa 
boundary function for f. Then there exists a countable set MCE 


such that Flem is of class (FE ~ M)). 
‘Proof. Let U be any open subset of Y, and let W = (U)'. Let 


E, = {x@X: there exists an arc y at x, having one 


endpoint on X > such that y ~ {x} fe yy} 


K =. {x € X : there exists an arc y at x such that 
y - {x} eet}. 


Ob serve that 
ew Sl) E» 
n=1 
and ow) CK, 


For the time being, let n be a fixed natural number. For each 


x € K we can choose an arc y, at x such that. 


i - {x} E Ha ew) . 


eceeneorrever! 
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Since an arc.at x is by definition a simple arc, Ny - {x} is a 
connected set and hence must be contained within one nonempty 60090 
of H nl f7 Lw. . Let U denote this component (for each x €K). 

Let T be the set of all points of K that are two-sided limit 
points of Ep. We claim that if x, y € T, then x + y implies 
U. (a) Uy =. If Ue A uy + 건 then (since 0 and ay are two components 
of the same set) 0 and Uy are equal. Let p be the endpoint of Ye 
lying in 0. and let q be the endpoint of Yy lying in D = Uy We can 
join p and q by an arc y lying in U Putting Yx? Yy and y together, 
we obtain an arc a with one endpoint at x and the other at y, such 
that a - ix, y} e U,- According to [12] we can choose a simple arc 
a' S a having one endpoint at x and the other at y. Of course, 

t- 1, y}S u & HAN ela . Let I be the open interval in X with 
endpoints at x and y, and let J = X - Ī. Let B be the bounded 
component of H - a! and let A be the other component. Since Xi is 
unbounded and does not meet a', Xi CA. 

Because x is a two-sided limit point of EW we can choose a 
point wE In Ea’ Let 8 be an arc at w, having one endpoint on Xa? 
such that 8 - Wis ety) . Then 8 does not meet a! (because 
at - ix, y} Get and fH) A mw = $), and therefore (since 
& - dw} contains a point of HEARE- iw} CA. It follows that 


wéA, This, however, is a contradiction, because the frontier of A 


Core to the finite plane) is a'u J. We conclude that, for x,y ET, 


x ł y implies U. ely = 9. 
An open set in the plane has only anbi many components, 


so it follows that T must be countable. Let S be the set of all 


PEN TE EAA ENEA SETE S A E E nd 
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points. of EA that are not two-sided limit points of Ey We. know that 


S is.countable, so 
i 


Ka, - 91 kas] 


068 = 
n 
= Tu[Kns] . 
is countable. 
Let N= KN E = UJ (K NE_). Then N is countable, and, 
n : n 
-1 n=1 n=] 
since $ (W CK, a ： 
eee R c RD 
elu CEN e Cen) 호 
n=1 n=1 


= eakal] mu- oal E) 
n=1 n=1 


C (ENN U(E-XK)E(EN W) U (E - pt) 


= (EAN) U Pio. 
[ 


Thus @ CU) CEN UJ E, CENNU Pi, and the desired result 
n=1 


follows from Lemma 15. W 


Corollary. Let Y be either the Riemann sphere, the real line, or a 
finite-dimensional Euclidean space. If f : H+ Y is a continuous 
function, if E G X, and if @: E > Y is a boundary function for f, 
then p is of honorary Baire class 2 (E, Y). 

Next we show that the foregoing corollary is as strong as 
possible in the sense that if E is any subset of X and @ is a function 
of honorary Baire class 2 mapping E into a suitable space, then there 
exists a continuous function in H having ¢ as a boundary function. A 
proof of this result....at least for real- or vector-valued functions ~ 


was outlined by Bagemihl and Piranian [2, Theorem 8], in the case 
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where E = X. Although the construction given here is carried out much 
more explicitly than the construction given by Bagemih1 and Piranian, 
my treatment differs from theirs in only two aspects that are of any 
significance. First of all, the proof of the theorem for arbitrary 


subsets E of X depends on Lemma 6 of the Introduction. Secondly, 


_Bagemihl and Piranian say in the last line of their proof that there 


is "no difficulty now in extending f continuously to the whole of D 
in such a manner that is a boundary function for f." While this 
appears to be all right for real- or vector-valued functions, it is 
not clear why the extension should be so easy for functions taking 
values on the Riemann sphere. Theorem 7 of the present paper shows, 
however, that the result can be obtained for functions taking values 
on the sphere once it is known for vector-valued functions. 
The following miniature closed graph theorem wiii be a 


convenience, 


Lemma 16. Suppose that M is a metric space and that u:M-+>Ris a 
function having the following properties: 


(i) if {p,} is a convergent sequence of points of M, then 


{u(p,)} converges neither to + œ% nor to - œ; 


(ii) if {p} EM, pEM, and y ER, and if p, > p and 
n 
Ute) 글 7, theru) =y. 


Then u is continuous. 


Proof. Suppose that {p} is a sequence of points in M converging to 

a point p € M. Using (i) it is easy to show that {u(p,)} is a bounded 
sequence. Suppose that {u(p,)} does not converge to u(p). Then there 
exists a subsequence {4(2 (11 2} that converges to a real number 


y + u€p). This, however, contradicts (ii). We conclude that 
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! u(p,) > 00)" 


Lemma 17, Let h : R >R be a strictly increasing function such that 
h(R) is neither bounded above nor bounded below: Then there exists a 
continuous weakly increasing function a ; R> R such that h (h(x)) =X 
for every xE R. 


ㆍ 


Proof. Let Z =h(R). Observe that p : Z> R is strictly increasing. 


For any x€ R, the set (-”, x] ^Z is nonempty. Also, hlo, x] ^ 2) 
is bounded above, because if we choose y € Z with x < y, then 
(=, x] A Z) is bounded above by h“`}(y). - 


We claim that for every x ER 
-1 ; -1 
(27) sup h ((-°, x] AZ) = suph ` ((-», x) NZ). 
If x E Z, the equation is trivial. Suppose xé Z. Then 
-1 i 
y <h (x) => (h(y) < x and h(y) € 2), 
so that h((-», 7 (00)) 드 (=, x) N Z. Hence 
-1 -1 
(-», h “(xh “((-», x) n 2), 


so that sup h™}((-æ, x) n Z) > h`}(x) = sup h°}((-», x].^ Z). The 
opposite inequality is trivial, so (27) is established. 


We also claim that 
` -l1,,. -1 
(28) inf h “((x, +=) ^Z) = suph ` ((-», x] ^Z). 


Obviously, inf (6, +0) AZ) > sup ht (=, x] ^ Z). Take any 

y > sup'h/((-«, x] n Z). If h(y). <x, then h(y) € (=, x] n Z, and 
so yen (š, x] ^ Z)-- a contradiction. Thus h(y) > x and 

h(y) € (x, +o) n Z. Therefore y€ 6 (6, +o) ^N Z), and so 


inf 1 (x, +o) ^n Z) <y. In view of the choice of y, this implies 
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l Ae eal $ e 다이 ! 
inf h “((x, +) (5 2) s sup h ` ((-°,.x] A 2), 
and (28) is established. 
Define 
x -1 , 
h (x) = suph ` ((-2, x] n 2). 


* * 
It is clear that h is weakly increasing and that. h (h(x)) = x for 
: * ‘ 
every real x.. The continuity of h can easily be deduced from the 


equations 


sup h ((-", x)) = h(x) 


inf h ((x, +9)) = h (x), 


which are established as follows: 


sup 


-1 : 
<x sup h ((-=, y] A Z) 


sup ‘h ((-*, .x)) 


— 


= sup h1((-@, x) A 2) 


= sup n7t((-0, x] ^ 2) 
= h'(x) 


u 


eo i - : 
inf h(x; 19) = DY sup h((-#, y] A Z): 


inf 
y>x 


u 


inf n+ (Cy, +») A Z) 


= inf n7{((x, +0) ^ Z) 
= sup nh, 


n(x). 월 


(-~, x] A Z) 


Theorem 6. Let E be any subset of X and let 91 E + RI be any 
function of honorary Baire class 2(E, RY). Then there exists a 


‘ontinuous function f : H + R7 such that (pis a boundary function for 


f; 
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Proof. Let y: E > RI be a function of Baire class 1(E, RI) and N a 
countable subset of E such that (x) = w(x) for every x EE -N. Let 
l ki (with n + m implying 5 + Sw be a countable dense subset of 


X that includes every integer and every point of N. Let 


t = I` if s_ is an integer 

n n i 

t= l: if s is not an integer 

n gn 1 n . ? 

Define 

h(x) = z th if x > 0 

O<s, <x: 
(. h(x) = -I t if x <0. 

XS <0 . 


Then h is a strictly increasing function from R into R, and h(R) is 
pounded neither above nor below. Let 별 be the function described in 
Lemma 17. 

Suppose that 0 <y <1. Then (for fixed x) 


u - (조부모 00 


is a strictly increasing continuous function of u that approaches 
+2 as u > +% and -œ as u > -~, Consequently there exists precisely 
one number u(x, y) that satisfies the equation 
개 내고 이 
(29) u(x, y) -h ( aa, 20. ) = 0. 
I claim that u(x, y) is a continuous function on 
Hy = {<x, y : x, yeéRand0 <y< 1}. Suppose { <x, >} c H 
and [x Yn? +> <x, y} € H,. If u(x,, y,) > +e, then 
x, 7 (009, Yo 7 
Yn n ? 
and hence : | en 
Xa T (l-y,JuQy Yn) 


* 
NG Ye Cee a, 
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which . contradicts. (29) , . Thus u(x, >Ja ) cannot eppeoes +o, A similar 
argument shows that u(x, > Yn ) cannot approach -°.. Now assume that 


u(x TE 0 ER. Then, by (29) , 


> E E A 
0 = a OKs Yq) > CE E 21 
n 
aX- 00006 
= Us - 77 > 


sou, = u(x, y). By Lemma 16, u is continuous. 
From Lemma 6, there exists a sequence 1800 of continuous 
functions mapping X into RI such that g% + Ņ(x) for each x €E. 


. n 
For n > 2, define ㆍ 


£ (x, y) = (yn) - mg lul, y)) + (+1) - ynf D e 10009 )0) 


Then fo is continuous on H, AH. By the Tietze extension theorem, 
we can assume that fo is defined and continuous on all of H. Let 


inf 


Ta Sos h(x) 
n 
= Sup 
a, = ×<5 h(x) 
Nos is PCa - (8. ) if Sa Ê N 
v, =.0 ifs EN. 


If x and y are real numbers, define x V y = max{x, y}. For <x, yX €H, 
set 
Aa 7) =. 


6020 1: SES -X 


[(1 - ny) V OJ - o | n + 월 - 25 + 2 | ) volv 
끄 


1 


Then An is continuous in H. Observe that A Cx: y) = 0 when y > a 
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Using this fact,.it is:easy to show that, if we set 
ioe) 


f = 개 + EA, 
O° ns P 


then f is defined and continuous in H. We now show that @ is a 
boundary function for f. 


Let p be any point of “E. The line 
(30) x = (h(p) -p) y+p 


passes through (p, 0), and the part of it that lies in Hy is an arc 
at p. We will show that f approaches p(p) along this line. If we 
substitute (h (p) - p)y + p for x in the expression for mee y), we 
obtain 
(31) a(x, y) =. 

[C - ny) V oli- gS I + HH 2S - VG, - vd 

n n 
- 2h(p)| ) v 0] v 

If p $ S,» then h(p). < &> and one can verify directly that. (31) 
vanishes. If p > 6, , then h(p) > 도, and again one can verify directly 
that (31) vanishes Thus Aa y) vanishes along that part of the line 
(30) lying in H. 

Solving (30) for h(p), we find that, along the given line, 


_ x2 (yp 
h(p) ye , 


「 내가 
and hence p = h (h(p)) = -h'( zuwa, Therefore, if 0 <y <1, 


E 시 i ~ a a eee 
p = u(x, y). So, if <x, yù satisfies (30), n > 2, and sys 


then 


£,(x, y) = n+) - g (P) + (+1) - yn(n+1))g p1 ©). 
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Since the coefficients. of g,(p) and gari in the above expression 


add up to 1 and since both coefficients lie in [0,1], £5 y) lies 


on the line segment joining gp P) to B41 P> and it follows that 


. f (x, y) approaches y(p) as <x, yy approaches p along the line (30). 


Since each An vanishes on the part of this line lying in H, f(x, y) 


also. approaches (p) along the line. 


Let Sn be any point of N. We show that f approaches (5) 


along the part of the line 


: La fm 
(32) x = (C -s)y +s, 


that lies in H. Again, we first consider the value of AL along the 


_given line. Substituting the value of x given by (32) into the expres- 


sion for Ay» we obtain 


(33) 6 66 7) = 


4 ‘J eal 
[(l-ny) V Oo] £01 - zt [za A a 해 a = 1) (s7 8 )|) v olv: 


If Sn < Sp’ then 2n < Tm £ ên $ Typ and one can verify directly that 


(33) vanishes. If 5. < s_, then 시 파오 


<r and again one can 
m’ n $ fn m’ ag 


verify that (33) vanishes. Thus, for n +m, A(x, y) = 0 when <x, yY 
lies on the line (32) and in H. 


If we take n = m in (33), we obtain 
A(x, y) = [A - my) V 01 


Therefore 시 (Xs y) approaches Va = $(5.  ) - p(s.) along the given line. 
Take any <x, y € H, satisfying (52), and take any a and b 


satisfying 


(34) a<s_ <b. 
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Then. h(a) ㆍ < hy <2 4 < 조우 neels so that . 


(h(a) - SY t Sas x < 0806) - S mY $ + 58 a from which .we .deduce that 


X= (1-3 Yq 
Since h is weakly increasing, 
P gK = (I-y)s, 2 
a = h (h(a)) sh (-- ㅜ 그 <h 000) = b. 


Since a and b were taken to be any two numbers satisfying (34), we 


conclude that 


P SA (1-y)S n 
sa = w e, 


` whence it follows that u(x, y) = Sa Thus 


O£ (x, y) = (yn(n+1) - n)g (Sp) + (011) - 20028 16 
ae! 


Tay Sa Consequently 


when <x, y> lies on the given line and — 
f y) approaches v(s,) along the line (32). So £ approaches VCS w + 


$(5 ) z v(s_) = p(s.) » and the theorem is proved. W 


Theorem 7. Let E be any subset of X and let @: E > s” be any 
function of honorary Baire class 2(E, sô) . Then there exists a 


continuous function f : H > S? such ithat @ is a boundary function for 


f; 


Proof. The proof of this theorem is very similar to that of Theorem 1. 


Since 62 CR, there exists, by Theorem 6, a continuous function 


818 RŠ having w as a boundary function. Let 


K = gtv eR: lv| = E H 
L = . gt eR: lv| > 중 }) 
F = 80060” : Ivi<5). 


meee tear ern 
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.Let. gy = gly: H is homeomorphic. to R°, .50 by [5,.Lemma 2.9, p. 299],- - 


Zo can be extended to.a.continuous function 


3 = a 

@,:H+ iver nhl = 가: 

Define fi : H> RŽ - {0} by setting e 
£, (2) = g(z) 1226 


£, (2) = 8, (2). if z EF. 


Then, since F and L are closed, f) is continuous on H. It is easy to 

verify that ~ is a boundary function for f}. Let P: RŽ = 10} > s 

be the 0-projection onto s? (see page 11), and let f be the composite 
; ; i 2 

function Po ° fe ' Then f maps H continuously into S“, and Pois $ = 


is a boundary function for f. W . ~ 


CHAPTER 11 


BOUNDARY FUNCTIONS FOR DISCONTINUOUS FUNCTIONS 
6. Boundary Functions for Baire Functions 


It is not known whether the set of curvilinear convergence 
of a Borel-measurable function defined in H is necessarily a Borel 
set. The answer is not known even for functions of Baire ree T: 
However, a theorem on boundary function» that is similar to the 
corresponding result for continuous functions in H can be proved for 


functions of Baire class & in H. 


Definition. If A and B are two sets, we will call A and B equivalent 
and write A= B if and only if A - B and B - A are both countable. 


It is easy to check that = is an equivalence relation. 


Lemma 18. If A= E, then S - A= S - E for any set S. If A, = Ea 


for 811 n in some countable set N, then 


( ) as | Jam | a [AÀ 
nEN neéN 


nen nen 


The proof of this lemma is routine. 


Definition. An interval of real numbers will be called nondegenerate 


if it contains more than one point. 


Lemma 19. Any union of nondegenerate intervals is equivalent to an 


eT 


open set. 
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‘Proof. .166#.66 any family of nondegenerate intervals. .It will 


A sd 
suffice to prove that U I- U ‘I .is.countable. .We:can write 
IEļ. ié 


* 
그 도 
176 n ” 
where {J} is a countable family of disjoint open intervals. If 
* 
x E | ) I - UJ I, 
142 Eb 
ㆍ . l * 
then X, 15 an endpoint of I, for some Toe . For some n, I, Cc Jw 
so that x € J. But x €J » SO X is an endpoint of J_. Thus 
0 n o n o n 


* 
\ J I - J I is contained in the set of all endpoints of the 
IE} I1€Q 


various J,, and the lemma is proved. a 


Lemma 20. Let h be a weakly increasing real-valued function on a 


nonempty set EGR. Suppose that |x - h(x) | < 1 for every x €E. 


Then h can be extended to a weakly increasing real-valued function hy 


on R. 

Proof. Let e = inf E (e may be -%) , For each x € (e, +), set 
h, (x) = sup h((->, x] N E). 

Since |t - h(t)| < 1 for each t € E, 
t E€ (-»; x] nE © h(t) Éx + 1, 


so h, is finite-vaiued. If e= -» we are done. If 6 > -», then 


x € E implies h(x) > x - 1 > e - 1, soh is bounded below. For 


x € (-~, e] set 
h,(x) = inf h(E). 


It is easy to verify that h} has the required properties. W 
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Lemma 21. Let Y be a metric space, f : R > Y a function of Baire class 
. §(R, Y), and suppose that h : R > R is weakly increasing. Then there 
exists a countable set N GR such that the composite function 


fo 피오 자 is of Baire class &(R - N, Y). 


Proof. Let N be the set of discontinuities of h. By a well-known 
theorem, N must be countable. But then bien is continuous, so that 


f o (hl, 그 = (£ ° h)lpy is of Baire class 600 - N, y).@ 


Lemma 22. Let Y be a separable arcwise connected metric space, E any 
metric space, and let : E > Y be a function having the following 


E+1 


property. For every open set U& Y there exists a set T € P”? ` (E) such 


that stw CT cyi. Then, if 8 > 2, is of Baire class &(E, Y). 


Proof. The proof is similar to that of Lemma 15. Let ® be a countable 


base for Y, and suppose that W is any open subset of Y. Let 
Qw = eR: TEW. 
The argument in the proof of Lemma 15 shows that 


W= U U = UJ T. 
UE Q(W) uE QU) 


For each 060, let T(U) € po*l (gy be chosen so that 
PIUS TUSE gt. Then 


-1 2 -1 Cc 
etm = VU (u) = (J T(U) 
f AW) 


u EAM ve 
C -1 -1 
= (0)= (W). 
oe ? f 
Thus giw = U T(U), and since (6) is closed under countable 
ve AW) 
E+1 


unions, ota) € Pp’ (E). Therefore is of Baire class (E, Y). E 


버사 아구 ee a ea ee 스스 ee Te Te Se AS 누아 노시 yg Poe 나시 


60 


Theorem 8. Let Y be a separable arcwise connected metric space, 
f : H+ Y a function of Baire class E(H, Y) where € > 1, E a subset of 
X, and @: E + Y a boundary function for f£. Then pis of Baire class 


6 + I(E, Y). 
Proof. Let U be any open subset of Y and let V = Y - U. Set 


A = » “(U) | B = gto) 
C = AUB. 


f. 


Observe that 2718 = 0. For each x € C, choose an arc Yx at x such 
that 


lim 
z>x f(z) = (x) 
ZEY: 


Et : |z- x| < 1} 

y- OS £7) if x€A 

yy = od S £7) if xe B. 
Notice that if x € A and y € B, then se a (ee $. 


y 


We will say that Yx meets Yy in Hi provided that Y and Yy 


have subarcs Ya and 1 respectively such that x € 7 Cc Ha? 


' H ' ' 
yey CHp and y'n vy! to. Let 


|] 
T 
M 
> 


: (Wn) (Sy) EC, y + x, and iy meets y, in H 


)} 
: (Wn) (Fy) (y € C, y f x, and y, meets y, in T )} 


il 
A 
MN 
w 


: (3n) (y, meets no ý (with y ł x) in Ho)? 


il 
* 
M 
v 


; (37) (y, meets no Y (with y ł x) in H) }. 


더 E p o p 
1 
r 
bad 
M 
> 


1 
더 
C 
-a 


z 
u 
pa 
C 
o” 
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Observe that La? L’ M? Mg are pairwise disjoint, and that 
A= LUM, and B = La YM: 

For each x € M, let n(x) be a positive integer such that Yz 
meets no Yy (with y + x) in ores) . Then n > n(x) implies that Me 


meets no Yy in Hi Let 


Ka = 60: Y, meets 제, and, if x €M, n > n(x)}. 


Then K S K 41 for each n, and C = v Ka’ 

We next show that for each positive integer n and each x € La 
there exists a nondegenerate closed interval E such that 
xE Iy c La u (X a Ko . By the definition of Lae there exists 
yec (y £ x) such that Y meets Yy in Ha Let i be the closed 
interval having its endpoints at x and y. Let t be any point of i 
We must prove that t € La u (X - Ka) . lft È Ka we are done. So 
assume t € Ka’ Then Yt meets Xo? and hence it is clear from Figure 5 


that Yt must meet either Yy OT Y in Ha (This argument can be 


y 
rigorized by means of Theorem 11.8 on p. 119 in [11].) But, if t €M, 
then (because t € Ko n > n(t) , so that this situation, 15 impossible. 
Therefore t 수 M. Now x € BS A, so, Since Yx intersects Yy? y ¢ B. 
Hence y€ C - B=A. Similarly, since Vt intersects Yx or Yy? 
tEC-B=A. Thus tE A -M= Li? and we have shown that 
DELY- kK). 


no. 
Let Wi = U Iş. For each n, 
- xel 


E oe 
LGW, Ac S[k, u(X-K)I] AG, 


and therefore 
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Figure 5. 
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ff) hu &- KFA c l 


n=] 


‘IL, U (X “AY AC 
n=l 


Gacguie-L} kK) = Lue = 피 
n=l 
oO 
Tt follows that La = f) Wa) nC. By Lemma 19, each Wa is equivalent 


to an open set, so there exists a G set G3 © X such that 


t 


L= 6G nc. 


A similar argument shows that there exists a G set Gy © X such that 


L, = Gy nc. 

Next we study the properties of M3 ‘In doing this, it is 
convenient to define a function m : R? > R by setting m(x, y) = x. 
If x EM nk, then, starting at x and proceeding along Yx? let. Pa (00 
be the first point of Xa that is reached. Define ho : MA Ka >R 
by setting ho (x) = T (p 00). If x, x'E€ MA Ka and x < x', then, since 
Y, cannot meet Yy” in H? it is evident that pa 039 must lie to the i 
left of p,(x")5 that is, T (Pa 09) < T) . Thus ho is a strictly 


increasing function on MN Ka’ Moreover, ㆍ 
|x - he (x) | <1 because ve {z : |z ~ x| < 1}. 


So, by Lemma 20, he can be extended to a weakly increasing function 


hoi xe. Let 


(2,00 = £0,000, 3 (x ER). 


tay 
é 
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f(x, 그 is.a.function (of x) of Baire.class ER, Y), 50, by Lemma 21, 
there exists. a countable- set N_ X such that By ly. is of Baire class 


E(X - Nw Y). Let N= Y No Then g a N is of: Baite: class 
EM - N, Y). m 


For xEMAK,, g(x) = Eh), D = f0). If x EM, then 


for all sufficiently large n, x EM NK so — 


ae g(x) = an E) = v(x). 


Thus g alu 2 > ely 50g. low > ly ne hence ẹ]y y is of Baire class 
8+ 1(M - N, Y). It follows that there exists DE pet 2¢x) such that 
. A | 
AN(M-N) = lyp WU) = DAM-N. 
Obviously ANM= DAM. Now, 
L = lvl, = (Gn C) U (Gn 0) = (GY G) ^ C, 


50 


= 
ii 


i 
AnM=DAM= DAÇ(C- L) 


R 


2066 - (CE Y Ga 0] 


-Da [X - (G, Y GIA C. 
G3 and Gp are G,» so X- (G, U G,) is E , and hence, 
2 c 8+2 
X - (6, UG) E 2000 SPH), 
Therefore M, = F NC, where F € p&*7(x). Now, G, €G, (X) = Q7(x), and 
since g > 1, (00 S PË O, so G u FEPE (x). But 
A = LUM + (GaAQuU(FAQ = (uN, 


so A= SNC, where SE pb*2 (X). Since every countable set is Fo it 


is now'easy to show that 
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A = TAC 


for some T E€ pët? (x) . From the definition of C it follows that 


TEX - B. Thus we have 
-1 a P 
@ ` (U) = ACTNECE-B = E- (V) = p 0. 
T n EE pËt?(E), so Lemma 22 shows that Y is of Baire class ẹ + 10, Y). W 


Corollary. Let Y be a separable arcwise-connected metric space, 


f : H > Y a Borel-measurable function, E a subset of X, and p: E+ Y 


a boundary function for f. Then yp is Borel-measurable. 


Proof. f is of some Baire class —&(H, Y), hence p is of Baire class 
ë + 1(E, Y), hence 0 is Borel-measurable. Ml 

This corollary raises the question of whether a boundary 
function for a Lebesgue-measurable function is necessarily Lebesgue- 


measurable, which we answer in the next section. 


7. Boundary Functions for Lebesgue-Measurable Functions 


i 


Suppose that ay» bo a,b, are extended real numbers, and 
that a zí bo ars ㆍ To make the formalism more convenient we let 
(-~) - (-0) = 0 and (+0) - (+o) = 0. In other respects we adhere to 


the usual conventions regarding arithmetic operations that involve 


-% or to, Let 


A set of this form will be called a closed trapezoid. We also 
consider p to be a closed trapezoid. A set S will be called a 


‘trapezoid if there exists a closed trapezoid T such that r? ¢s ¢T, 


t 
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where T! denotes the interior of T relative to Hy. _Eyery trapezoid is 
Lebes gue-measurable, though not necessarily Borel-measurable. 

If s, s' are disjoint line segments having endpoints <a), 0> ： 
<a, 1) , and {a'> o>, éa,', 1) respectively, where a, <a,' 
(i = 0, 1), then let 


T(s, s') = T(s', s) = T(a,5,a,'3 ays a,'). 


If s = s', then we let.T(s, s') = T(s', s) =s. In what follows we 
will use the symbol Xo as an alternative designation for the x-axis 
X. This will enable us to make statements about Xi (i = 0, 1) (where 
X} denotes, as before, { <x, 1) : x€ Rh). 


We omit the proofs of the following two routine lemmas. 


Lemma 23. Let theline segments 51 > So» Sz» 54 each have one endpoint 
on Xo and the other on 나 and assume that i + j implies that either 


8,95; = 9 or s, =s). If T(s,, 85) A T(Sz, 54) + ġ, then 


T(s,; Sz) Cc T(s}; 5.) U T(s,, $4). 


Lemma 24, Let 8 be any set of line segments, each of which has one 
endpoint on Xo and the other on Xs and no two of which intersect, 
Then U T(s, s') is a trapezoid. 

s,S'E$ 2 

Let m denote two-dimensional Lebesgue measure in R’. If E 

is a measurable subset of some line in RÊ, let m? (E) denote the linear 
Lebesgue measure of E. Let m, and me denote two-dimensional exterior 
measure and linear exterior measure, respectively; i.e., for any 


Pen, 


m (Œ) = inf {m(U): E SU and U is open}; 
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and if E is.a subset of a line L, then 
me (E) = inf imt (0) : ESUSL and U is open relative to ‘Lhe 
Theorem 9. Let & be any set of line segments , each of which has one 


endpoint on Xo and the other on X> and no two of which intersect. 


Let S = Ue . Then 
| 
0” 
m (3) zug (mg (S fa) X) + mg (S n X,)) P 
Proof. We may assume that Æ is nonempty. Let £ be any positive 


number. Choose an open set U S R? such that S SU and 
m(U)" < m (S) + €, 


Let E; = 8 0” Xi (i = 0, 1). Choose sets G; c X; that are open relative 
to X. such that E. ©G. and 
i i i 
m°(G.) < mč(E,) +€ (i200, 1) 
i= e i 7, j 
Let V be the union of all lines L CR? such that L meets both Gy and 
G 


1° It is easy to show that V is an open set. Furthermore, s ¢Vv 


and V ^n X; = G; (i =0, 1). Now let W= UNY. Then 


Wis open, S€&W SU, and 글 


| cg i = 
B, EWNX, EG G =0, 1). 


If s, s'€ L , define s = s' if and only if T(s, s') SW. 
It is easy to verify by means of Lemma 23 that = is an equivalence 
relation. Let T be the set of all equivalence classes. We prove that 


T is countable. 


If 66 , we let <a; (s), i> be the endpoint of s on X; 
(i = 0, 1). Then 


t 


s = “{£¢x, yE R? 10<y< landx = (a, (s) - a (s) dy + a(s)}. 


| 
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Since s is.compact and contained.in.W, there is no difficulty in 
showing that there exists a > 0.such that 


“{<x, y$ ER :0<ys1l1 and 


(a, (s) - a DY + a (9) - ås 5X <« (a, (s) - a,(s))y + a lS) + S} 
cv. 


Let J; (s) = (a, (s) - à? a; (s) +65) (1 = 0, 1). A sketch will 
rapidly convince the reader that if s, s'€ a & 0 (5) nN Jj") + >, 


and J, (5) nJ (s') 4 ‘a then Ts, s') G W, so that s =s'. Thus 
(J,(s) x J4(s)) A A(s") x Js) +4 25 5 551 
For each 'C éT, choose s(C) € C and let 
Qc) = J,(s(C)) x J,(s(c)). 


Then C} + C, = Q(C,) N Q(C,) = $. Since each Q(C) is a nonempty 
open subset of R?, this implies that [ is countable. 


If CET, let 


to = U ms, 8. 


s, s'ec 
By Lemma 24, T(C) is a trapezoid. Also, 


(35) CETOSN. 


Suppose that C,, C, ET and C} ¢ C,. We claim that 
T(C,) MT(C,) = ġ. Assume that T(C,) AT(C,) + 4. Then there exist 
t t { 
51, 8,'€ C} and s,, s,' € C, such that T(s,, s,') A Tlsy, s,') to. 
By Lemma 22, ： 
7651, S3) c T(s}> s,') Vv) T(So5 S,') CW, 


so that Sı = S3; a contradiction. Therefore T(C,) A T(C,) = >. 
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206 (C) = T(C) ^ X; (i= 0, 1).. Then K; (C) is an interval 


and 


66) EE Z K (0 EWnX EG (eds 1). 


Furthermore, C, + C, implies that K; (C}) AK, (C,) = >. Using the 


formula for the area of a trapezoid, we find that 


i > iat U (0) + mè UJ K, (0))] 
Er CET 
"에 ack & 
= z = (m*(K_(C)) + m(K,(C))) 
Cer 2 o 1 
=. z mmo) = mL) 760). 
067 Cer 
Let a = 5 me K (0) + ntl] K, (€))] 
Cer cer 
= ae (Jro. | | | 
Cér 
According to (35), SS T(C) C W SU, so that 


Cer 
(37) m, (8) <a < m(U). < m,(S) +e. 


By (36), 
68) hme) + tE) <a sE tte) + we) 
<E RE) + mE) +e. 
Since s is arbitrary, inequalities (37) and (38) imply that 
n,(S) = 7E) + mE). © 


One wonders to what extent a result resembling the foregoing 
theorem might be obtainable without the hypothesis that no two of the 
line segments intersect. ‘lhé~following example is relevant to this 


question. Let My be a residual set of measure zero iniX, and let M 
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be a.residual set of measure zero in ㆍ .Let kx, > Y o? .be. any point 
of Hy. We claim that there is.a line.segment - esas through <x, >Y o? 


that has one endpoint in M5 and the other in M}. For 6 € (0,. T), let 


FC) 


F (0) 


ca - Yo) ctn 0 + x» 1» and 


CX, - y, ctn 6, o>. 


Then F, is a homeomorphism of (0, 7) onto Xj» 50 F>*(M,) and F7 (My) 
are both, residual sets in (0, 1). Choose 0 € FM.) AF] M). Let 


L be the line whose equation is 
x = Xt OF Ya) ctn a. 


Then L passes through the points «x, Yo) » Fy(a) and F} (0), so that 
L nH, is the desired line segment. Let L be the set of all line 

| segments having one endpoint in Mo and the other in M)» Let S = Ue. 
Then SA Xo and S A Xi both have measure zero, but, as we have just 
shown, Hy € S, so that s has infinite measure. See Problem 5 at the 


end of this paper. 


Lemma 25. For every € > 0 there exists a strictly increasing real- 

valued function h on R such that h(R) has measure zero, and, for every 

real x, |x - h(x) | <e. 

Proof. For each integer n, let Li = [ne, (n + 1)e]. Then ions I =R. 
nzo 

There exists a strictly increasing function f : [0, 1] > 10, 1] such 


that m? (£C[0, 1]))= 0. For example, such a funccion may be defined 


as follows. Any number in 106: 1) may be written in the form 


teen, 


"Byayd gee Bees (binary decimal) , ‘ 


where the decimal does not end in an infinite unbroken string of 1's. 


j 
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Set.. 
£(-a,a,a,. -aat Jos) ‘b,b.b... 6. aise (ternary decimal), 


where b, = 0 if a, = 0 80061 = 2 if a; = 1 


. 
t 


Set f(1) = 1. Then f maps [0, 1] into the Cantor ternary set, so 
m*(£([0, 1])) = 0. It is easily shown that f is strictly increasing. 
For each n, it is easy to obtain from f a function fa : I, >I 


such that fi is strictly increasing and m (E (p) = 0, Set 

h(x) = £ (9 for x E(ne, (n+ Le}. 
There is no difficulty in proving that h has the required properties. a 
Theorem 10. There exists an indexed family fy ex of simple arcs 
such that 

(i) for each x€ X, Yx is an arc at x 

GD xty =n ny =t 


(iii) \ J be is a set of measure zero. 
xeExX 


Proof. For each natural mumber n, let ha : R> R be a strictly 

increasing function such that h (R) has measure zero and, for every x, 

|x- hod | < L For every xE R, let s (x) be the. line segment 

00” : LX ! à 1 > ; 

joining the point <n, (x) Ta to the point Ln 109 f mI . Since 
hy Gy) < hy (XQ) 7 xy 5 Xp Sy hy Oy) <b), 

we see that x, + x, implies s_(x,) Ms,(x,) = 9. Let 

Sa = Lis co : XE R}. Then 


sn x, Gtx, +>: xen) 


and Sy A 수 1 등 (<x, =r?) ㆍ 조토 hw ®t, 


& Day in 2 _ al 
so m (Sa A X =m (Sa A XI) = 0. It is easy to deduce from 
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Theorem.9 that 


I 
| ; 시! 1,2 R l z 
m(S) = aT a) 7 m6, AX) + an Xv) ies 
i+] a 
For x €X, tee is {x} vl) 800 ㆍ Since Ch), 1) 내 x, Y is 


an arc at x. 
nl) yj sm +m eds) 
ee X e emi 


<m (X + © m(S) = 0, 
e n=1 € P 


so \ J Y, is a set of measure zero. W 
XxEX 


Corollary. Let (pbe an arbitrary function mapping X into any topologi- 
cal space Y having an element called 0. Then there exists a function 


£ : H > Y such that f(z) = 0 almost everywhere and \ is a boundary 


function for f. ! 


Proof. If {y} ‘is the family of arcs described in Theorem 10, let 
x xEX 


£(z) 


0 if z is in no Y 
f(z) = (x) if z eyy 
Then f is the desired function. W 


Corollary. There exists a real-valued Lebesgue-measurable function f 


defined in H having a nonmeasurable boundary function defined on X. 


SOME UNSOLVED PROBLEMS 


1. If A is an arbitrary set of type BS in X, does there necessarily © 
exist a real-walued continuous function f defined in H having A as 

its set of curvilinear convergence? If p is an arbitrary real-valued 
function of honorary Baire class 2 on A does there exist a continuous 
real-valued function f defined in H having A as its set of curvilinear 


convergence and as a boundary function? = 


. 2. (First proposed by J. E. McMillan [10]}. If A is any set of type 
F,g in X and if pis any function of honorary Baire class 2(A, s*), 
does there necessarily exist a continuous function f : H + s? having 


A as its set of curvilinear convergence and as a boundary function? 


3. If f is a real-valued Borel-measurable function defined in H, is 
the set of curvilinear convergence of f necessarily a Borel set? What 


if £ is assumed to be of Baire class 1? 


4. Let S= (<x, y,z>€E RŠ : Z> 0}. If fis a function defined 
in S, we define the set of curvilinear convergence of f in the obvious 
way. If f is continuous, is its set of curvilinear convergence 


necessarily a Borel set? Is it necessarily of type Fee 


5. Let & be a set of line segments each having one endpoint on Xo 


and the other on X,, and let S = Ue. Assume that S is a Borel set. 


If m’(S A Xo) and mê(S n X4) are known, what lower bound can be given 
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for m(S)?. A.solution to. this’ problem might .be helpful in. attacking a 


problem of Bagemihl, Piranian, and Young [3, Problem 1]. 


10. 


11. 


12. 


i 
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